Abstract. A p-group is called an N p m group if all of its non-normal cyclic subgroups have index no more than p m in their normalizers. In this paper we prove that the order of a non-Dedekind N p m group cannot exceed p .2mC1/.mC1/ when p > 2. We also completely classify non-Dedekind N p 2 groups for p > 2.
Introduction
All groups considered in this paper are finite.
Let G be a p-group. If H is a proper subgroup in G, then H is a proper subgroup in N G .H /. In other words,
So it is interesting to study p-groups in which jN G .H / W H j D p for every nonnormal subgroup H in G. This problem was raised by Berkovich [1, Problem 116] and solved by Zhang and Gao in [7, Theorem 3.5, 3.7] . Janko also provided another solution in [3, Section 138] . Following this line, Berkovich in [2] investigated a more general class of p-groups in which all non-normal cyclic groups of G of minimal order have index p in their normalizers. After he gave the classification of the above kind of groups, Berkovich [2] proposed the following problem: Classify those p-groups all of whose non-normal cyclic subgroups have index no more than p 2 in their normalizers.
In this paper, we investigate this problem. In fact, we will consider p-groups all of whose non-normal cyclic subgroups have index no more than p m in their normalizers for a positive integer m. We call such p-groups N p m groups. We prove that, provided p > 2, the order of a non-Dedekind N p m group is bounded above by p .2mC1/.mC1/ and when m D 2 we classify all such groups up to isomorphism. 642 X. Zhang and X. Guo 
Preliminaries
In this section we provide some basic results which will be used later.
Lemma 2.1 ([1, Lemma 1.4] ). If a p-group is neither cyclic nor a 2-group of maximal class, then G contains a normal abelian subgroup of type .p; p/. Lemma 2.2 ([6, Theorem 7.6.1] ). Let G be a p-group and jGj D p n . Assume that N is a maximal abelian normal subgroup of G of order p a . Then 2n Ä a.a C 1/. Theorem 2.3 ([5] ). Let p be an odd prime and G be a group of order p 6 with three generators. Ifˆ.G/ D Z.G/ D G 0 Š C 3 p , then G is isomorphic to one of the following groups: .r C 1/=r are quadratic residues modulo p and 1 Ä r Ä p 2. .r C 1/=r is a quadratic residue modulo p, and 1 Ä r Ä p 2. 
, where r D 0 or 1, is a quadratic non-residue modulo p. 
, is a quadratic non-residue modulo p and 2 Ä r Ä p 1 2 .
OEb; c D e; OEc; a D f i. Lemma 2.4 ([6, Theorem 7.6.2] ). Let G be a p-group and H be a subgroup in G.
If H is abelian and jG W H j D p 2 , then there exists an abelian normal subgroup
3 The order of N p m groups A group G is called a Dedekind group if every subgroup of G is normal. In this section, we will prove that jGj Ä p .2mC1/.mC1/ if G is a non-Dedekind N p m group for p > 2. Let G be a p-group, for convenience, we use r.G/ to denote max¹log p jEj j E Ä G; E is elementary abelianº. If G is a group of order p n with p n Ä p mC2 , then G is an N p m group. In fact, assume that H is a non-normal cyclic subgroup of G. Then jN G .H /j Ä p mC1 and therefore jN G .H / W H j Ä p m . On the other hand, if G is a Dedekind p-group, then G must be an N p m group for any positive integer m. So in the following, we consider non-Dedekind p-groups which have order p mC3 .
(2) Z.G/ is not cyclic unless G is a 2-group of maximal class.
Proof. (1) Assume, by way of contradiction, that E < G is elementary abelian of order p mC2 . Since G is an N p m group, all subgroups of order p of E are normal in G and therefore E Ä Z.G/. Let H be a non-normal cyclic subgroup of G. Then jH \ Ej Ä p and HE is abelian of order at least p mC1 jH j. It follows that
(2) Assume that G is not a 2-group of maximal class. Then, by Lemma 2.1, G possesses a normal subgroup R of type .p; p/. Assume that Z.G/ is cyclic. Then there is a subgroup K of R of order p which is not normal in
Lemma 3.2. Let G be an N p m group and N an abelian subgroup of order p n in G with n m C 1. If o.x/ Ä p n m 1 for x 2 N , then hxi E G.
If o.x/ Ä p n m 1 , then we obtain jN G .hxi/ W hxij p mC1 and so hxi E G by hypothesis.
Lemma 3.3. Let G be an N p m group of odd order and N an abelian normal subgroup of G of maximal order. If jN j D p 2mCs for a non-negative integer s, then the following hold:
(2) There exists an element g 2 G n N such that g induces an automorphism of order p on N , e k and jN j maximal. By Lemma 3.1 we get 2 Ä k Ä m C 1. The maximality of N implies that C G .N / D N . So there exists an element g 2 G n N such that g induces an automorphism of order p on N . That is g 2 G n N but g p 2 N . Consider the following two cases: 
:
Therefore, Ã 1 .N / < C G .g/, c.hN; gi/ D 2 and exp.hN; gi 0 / D p.
Thus u p Á 1.mod p e j / and we may assume that u D 1 C u 0 p e j 1 . Hence we get .a p j / g D a p j for j 2. Now we consider the following two subcases: Subcase 1. ha
So p e t 1 j i t (t D 2; 3; : : : ; k) and therefore there exists b 2 ha 2 i ha 3 i Subcase 2. ha
Since g induces an automorphism of order p on N and ha j i E G for j 2, there exists an element b 2 ha 2 i ha k i such that
So i 
It follows that 1 C tp e j 1 Á t 0 Á 1.mod p e j / and therefore p j t, in contradiction to .t; p/ D 1. So a j 2 C G .g/ for j 2. Then it is clear that c.hN; gi/ D 2 and exp.hN; gi 0 / D p. In this case we have OEa
The proof of (2) is now complete. Now we prove our main results in this section.
Theorem 3.4. Let G be an N p m group of odd order and N an abelian normal subgroup of G. Then
ha k i be an abelian normal subgroup of type .e 1 ; e 2 ; : : : ; e k / with e 1 e 2 e k and jN j maximal. By Lemma 3.1, 2 Ä k Ä mC1. Choose g 2 GnN such that g induces an automorphism of order p on N . Now we may also assume that g is of minimal order and K D hN; gi. Since g p 2 N , we may assume that g p D a
with s 2. Then we have:
(A) There exists t i 2 ¹t 1 ; t 2 ; : : : ; t k º such that p − t i . In fact, if p j t i for every i , then we have g p D n p for some n 2 N . Since K is p-abelian by Lemma 3.3 
On the other hand, noticing that It follows that 1 C p e 1 Á t Á 1.mod p e / and therefore p j , in contradiction to . ; p/ D 1. Hence, the claim holds and i ¤ 1. Noticing ha
Hence hgi E G by hypothesis of this theorem, in contradiction to (C). The proof of (1) is now complete.
(2) It follows from Lemma 2.2 that jGj Ä p .2mC1/.mC1/ .
N p 2 groups
In this section, we give a complete classification of non-Dedekind N p 2 groups for p > 2. Just as in Section 3, in this section we will only consider non-Dedekind p-groups of order p mC3 p 5 .
Lemma 4.1. Let G be a p-group. If jGj p 7 , then G has an abelian normal subgroup of order p 4 .
Proof. Let R be a normal subgroup of order p 2 in G. Since G=C G .R/ is isomorphic to a subgroup of Aut.R/ and jGj p 7 , we see jC G .R/j p 6 . So there exists a normal subgroup H of order p 3 in G such that R < H < C G .R/. Clearly, H is abelian. Now repeating the above argument with H in place of R, we have jC G .H /j p 4 and the result follows. 
Proof. It follows from Lemma 3.1 that N is not cyclic and r.G/ Ä 3. So N is iso- By similar arguments we can see that N © C p 3 C p C p and the proof is complete.
Lemma 4.4. Let G be an N p 2 group of odd order and N be an abelian normal subgroup of G of maximal order. If jGj p 6 , then Ã 1 .G/ Ä N .
Proof. Suppose that Ã 1 .G/ -N . Then there exists an element g 2 G such that g p 6 2 N . So g induces an automorphism of order p k on N with k 2. Without loss of generality, we may assume that g induces an automorphism of order p 2 on N . By Theorem 3.4 and Lemma 4.2, p 4 Ä jN j Ä p 5 . Let K D hN; gi. Then K 0 is abelian. Furthermore, we have: 
Noticing that OEa p ; g D 1, we see that OEa; g p D 1 and therefore g induces an automorphism of order p on N , in contradiction to the fact that g induces an automorphism of order p 2 on N . If o.g/ D p 5 , then N D hg p 2 i hbi. So g induces the identity automorphism on N , again a contradiction.
Finite p-groups with small index 651 So we get OEa; g D a i 1 1 b j 0 1 p . By the same arguments, we may assume that we have OEb; g D b j 2 1 a i 0 2 p for p j j 2 1. Clearly, g p 2 Z.K/. So g induces an automorphism of order p or the identity automorphism on N , in contradiction to the fact that g induces an automorphism of order p 2 on N .
By similar arguments to those of Case 2, we know that
By (A) and Lemma 4.3, we know that 
i:
Noticing that OEa; g p D a k 2 p 2 ¤ 1, we have hg p i µ G. On the other hand, since ha p ; gi Ä C G .g p / and jha p ; gij D p 3 o.g p /, we get hg p i E G by hypothesis, in contradiction to the fact that
Hence g induces an automorphism of order p or the identity automorphism on N , again a contradiction.
(C) The final contradiction.
and p j j 5 1. Hence, g induces an automorphism of order p or the identity automorphism on N , the final contradiction. The proof is complete. 
Let g 2 G n N such that g induces an automorphism of order p on N and consider K D hN; gi. By Lemma 3.3, we know that K is p-abelian. Assume that g is of minimal order. Consider the following three cases:
We claim that K D G.
We split the proof into two steps.
It is clear that o.g/ Ä p 4 . In this case we have hbi E G and jC G .g/j p 4 by Lemma 3.3. So o.g/ p 2 .
If o.g/ D p 4 , then we may assume that N D hg p i hbi. Clearly, g induces an identity automorphism on N , in contradiction to the fact that g induces an automorphism of order p on N . If o.g/ D p 3 , then there exists a positive integer
In fact, suppose that K < G. Let H be a subgroup of G such that K É H Ä G and g 2 2 H n K. We may assume that g 2 is of minimal order. By Lemma 4.4, g 2 induces an automorphism of order p on N . Now N D hai hg p i. By the same arguments as in Stepr1, we have o.
g i 3 a pj 3 / p and so p j j 3 and p j i 3 1. Thus we get c.H / D 2 and exp. 
Consider the following two subcases: 
Since G is an N p 2 group, hg 3 i E G and therefore OEN; hg 3 i D 1, in contradiction to the fact that
So hai E G, in contradiction to the assumption that hai µ G.
In fact, suppose that K < G. Let M be a subgroup of G such that K É M Ä G and g 2 2 M n K. We may assume that g 2 is of minimal order. It is clear that g 2 induces an automorphism of order p on N . By the same arguments as in Step1, we have o.g 2 / D p 3 .
Since N D hai hg p i, we may assume that g Clearly, g 1 2 G n N , in contradiction to the minimality of g. So p − t or p − l. Suppose that N D hai hbi hg p i. By the above arguments, we may assume that a g D a 1Cip b j g pk . Then
Step}2: K D G. In fact, suppose that K < G. Let M be a subgroup of G such that K É M Ä G and g 2 2 M n K. We may assume that g 2 is of minimal order. It is clear that g 2 induces an automorphism of order p on N . By the same arguments as in Step}1, we have o.g 2 / D p 2 and o.OEa; g 2 / D p. Since g p 2 Z.G/, we may assume that OEg; g 2 D g ip a jp b t . It follows that M is p-abelian. Noticing that Furthermore, if P Ä M and jP j D p, then P E M . By Theorem 2.3, M is isomorphic to one of groups listed in Theorem 2.3. It is clear that M is not isomorphic to one of groups (7)- (16) listed in Theorem 2.3. If M is isomorphic to group (1), then hbi µ M and hc; b; a p i Ä N M .hbi/. So jN M .hbi/j p 3 o.b/, in contradiction to the hypotheses of this lemma. Using the same arguments as above, we see that M is not isomorphic to group (3) or (4) .
If M is isomorphic to group (2), then all elements of order p 2 are non-normal. Let h D ab j c k , j and k such that j 2 C k 2 Á r.mod p/, h 1 D ab j 1 c k 1 , where j 1 D j C k and k 1 D k j C 1. Then o.h/ D o.h 1 / D p 2 . By calculation, we have hh 1 ; b p ; c p ; hi Ä N M .hhi/ and h 1 6 2 hb p ; c p ; hi. So jN M .hhi/j p 3 o.h/, a contradiction. By the above arguments, we know that M is not isomorphic to group (5) .
Assume that M is isomorphic to group (6) . Then all elements of order p 2 are non-normal. Let h 0 D ab j 0 c k 0 , j 0 and k 0 such that j 0 2 C k 0 2 Á p 1.mod p/, h Proof. Assume that jGj p 6 and N is an abelian normal subgroup with maximal order. By Lemma 4.3 and Lemma 4.5 , N Š C p 3 C p 2 or C p 2 C p 2 C p . Let g 2 G nN such that g induces an automorphism of order p on N and K D hN; gi.
